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Abstract 
In this note, precise upper bounds are determined for the minimal degree-sum w of the vertices 
of a face in several classes of triangulated 3-polytopes in terms of the maximal length of a path 
consisting of 4-vertices. In particular, if no two 4-vertices are adjacent, then w~<37, and if no 
4-vertex is adjacent o a 3- or 4-vertex, then w~<29. @ 1998 Elsevier Science B.V. All rights 
reserved 
The weight of a face in a 3-polytope P is the degree-sum of its incident vertices. 
By w(P), or w, we denote the minimal weight of a face in P. I f  in P there are no 
vertices of degree 3 or 4, then as conjectured by Kotzig [3] and proved in [1], w~< 17, 
the bound being precise. In the presence of 4-vertices, w may be arbitrarily large, as 
shown by the double n-pyramid. For triangulated 3-polytopes without 4-vertices, Kotzig 
[4] announced w~<39. For arbitrary 3-polytopes, however, the absence of 4-vertices 
does not guarantee that w is bounded, as follows from the n-pyramid. Hereafter, we 
consider only triangulated 3-polytopes T, i.e., plane triangulations without loops and 
multiple edges. As proved in [2], confirming Kotzig's conjecture [4], if in T there is 
no 4-vertex, then w ~<29, and the bound is sharp. (The twice-capped icosahedron has 
w=3 +6+20=29. )  
In this note we establish that, informally speaking, each triangulated 3-polytope has 
either a face of  low weight or a long path consisting of 4-vertices. More specifically, 
we consider several classes of  triangulated 3-polytopes in which w turns out to be 
restricted and find precise upper bounds for w in terms of the maximal length of a 
path consisting of 4-vertices. By an i,j-edge we mean an edge joining a vertex of 
degree i with that of degree j. Our main result is: 
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Theorem 1. I f  in T there is no path consistin 9 of k vertices of  degree 4 where k >>. 1, 
then 
(i) w<<.max{37, 10k + 17} and 
(ii) either there is a 3,4-edye or w<~max{29,5k + 8}, 
where all bounds are best possible. 
The following corollaries are immediate and need no proof." 
Corollary 2. I f  in T no two 4-vertices are adjacent, then w~<37; the bound is best 
possible. 
Corollary 3. I f  in T there & neither a 3, 4-edge nor a path consistin9 of  four vertices 
of  degree 4, then w <~ 29; the bound is best possible. 
Corollary 4. I f  in T no 4-vertex is adjacent to a 3- or 4-vertex, then w <~ 29; the 
bound is best possible. 
Proof of Theorem 1. First here are the extremal constructions. For (i), put into each 
face of the icosahedron a new vertex and join it to the boundary vertices. Repeat his 
operation, called capping, to produce a 3-polytope without 4-vertices having w =29. 
Replace every 3,6-edge by a path with k - 1 internal vertices, joining each of them 
to two of the former 20-vertices. If  k = 2, we actually put a single 4-vertex on each 
3,6-edge and have w=37.  For (ii), insert k - 1 new vertices on each edge of a 
dodecahedron and then cap the obtained graph by inserting 12 new vertices of degree 
5k. If k~>5, we have w=5k + 8>29; to obtain w=29 for k~<4, no 4-vertices are 
required, as shown above. 
Now suppose that T is a counterexample to Theorem 1 with the fewest 5-vertices, 
so that T fails to satisfy either (i) or (ii). Observe that since the number of vertices 
in our triangulated 3-polytope T is greater than 4, no two 3-vertices in T are adjacent. 
More generally, 
(A) In T there is no pair of  3-vertices connected by a path of  4-vertices. 
Throughout he paper, we denote the vertices adjacent o a vertex v in the natural 
cyclic order vl . . . . .  Vd~v~ given by the triangulation. It is easy to prove the following: 
(B) No 5-vertex in T is adjacent o two <~5-vertices. 
Indeed, first suppose T violates (i); so w>max{37,10k+17}. If  d(v)----5 and 
d(Vl)~<5, d(v3)~<5, then d(v4)>max{37,10k+lT}-  10 and d(vs)>max{37,10k + 
17} - 10. Placing a new 3-vertex inside the face vv4v5 reduces the number of 5-vertices 
and does not create a face with weight w~<max{37, 10k + 17} or a new 4-vertex. We 
have thus obtained a counterexample with fewer 5-vertices than T, a contradiction. 
A similar argument applies for (ii). 
Euler's formula ]V[ -  IE] + IF I = 2 for T may be written as 
(d(v) - 6)=- -12. (1) 
vC V 
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Assign a charge #(v)= d(v) -  6 to each vertex v, so that ~< 5-vertices have negative 
charge and the charges of >~ 6-vertices are non-negative. Using the properties of T as 
a counterexample to (i) or (ii), we define a local redistribution of/~'s, preserving their 
sum, such that the new charge pr(v) is non-negative for all v E V. This will contradict 
the fact that the sum of the new charges is, by (1), equal to -12. The technique of 
discharging is often used in solving structural and coloring problems on plane graphs. 
We need the following concept. Suppose a 4-vertex f l  is adjacent o exactly one 
4-vertex f2. Then there exist unique vertices b, t adjacent both to f l  and f2, and a 
unique path Fb t= l f l  . . . . .  fpr such that each f. has d ( f i )=4 and d( l )¢4¢d( r ) .  
Our discharging rules are: 
Rule 1. Suppose d(v)= 3. 
(a) I f  each neighbour vi of v has d(vi)>~ 11, then each of them gives 1 to v. Suppose 
5~<d(vl)~<10. Then vl gives 
d(v,) =6 
p(va ) = max O, Ld(v 1)/2j J 
to v, and each of V2, V 3 gives 3 _ p(vl )/2. 
(b) Now suppose d(v l )=4,  and an F6t is such that l=v,  f l  =vl, t=v2, and b=v3. 
Observe that d(r)~>5 by (A) and the definition Of Fbt. Then Rule l(a) is ap- 
plied with vl replaced by r. Namely, suppose there is an x E {r, v2, v3} such that 
d(x) <~ 10. Then x gives p(x) to v and each of the others gives 3/2 - p(x)/2. 
Otherwise ach of r, v2 and v3 gives 1 to v. The contributon of r to v is said 
to be conducted through fp .. . . .  f l .  
If d(v)= 3, then #~(v) is completely determined by Rule 1 and clearly #~(v) = p(v)+ 
3=0.  
Rule 2. Suppose d(v)= 4. 
(a) I f  the neighbours of v all have degree at least 11, then v receives a charge of 
i from each of them. Suppose d(v l )< l l .  Then since w is big, d(vz)~>ll and 
d(v4)~> 11, and v receives 1 from each of them. 
1 (b) Consider Fb t with p>~2 where f l  =v, d(l)>~ 11 and d(r)~>5. Then l conducts 
through v to each of b and t. 
Clearly, each 4-vertex v has /~(v)= #(v)+ 2 = 0. 
Rule 3. Suppose d(v) = 5. I f  d(vl ) >>- 6, d(v2) >~ 11, d(v3) >16, then v receives 1 from v2. 
For a 5-vertex v, we can assume by (B) that d(vi)~6 for 1 ~<i~<4. One of v2, v3 
should then have degree at least 11, because w is large. Therefore, #~(v)~> #(v)+ 1 ~> 0. 
It is also clear that if 6~<d(v)~<10, then p'(v)>...d(v)- 6 -  p(v)× [d(v)/2J >~0, 
because v transfers p(v) to at most [d(v)/2J vertices of degree 3, either locally by 
Rule l(a) or through a path of 4-vertices by Rule l(b). 
It remains to prove /f(v)/> 0 for d(v) ~> 11. Denote by mi, j the number of i,j-edges 
on the cycle Cv = vlv2... Vd(v). Observe that according to Rule 3 and since m3, 3 = 0 (see 
(A)), v cannot ransfer charge to any two consecutive vertices vl, v2, unless d(Vl )=4 
and d(v2) ~<4. 
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For 11 ~< d(v) ~< 21, we have m3,4 = m4,4 = 0,  because otherwise w ~< 21 + 4 + 4 = 29, 
and therefore v can make at most [d(v)/2J transfers. I f  11 <~d(v)<~ 16, we have m3,j = 0 
for all j ~ 10, and it follows from Rules 1-3 that at most 1 can go from v to a neighbour 
vertex, which implies #'(v)~> d(v) -  6 -  1 x [d(v)/2J >10. (This is because a vertex v of  
degree at least 11 with a 4-vertex neighhour Vl cannot simultaneously transfer charge 
to vl via Rule 2a and transfer charge through Vl, to some other vertex, via Rule 2b.) 
I f  d(v)= 17, then m3,j = 0 for all j ~< 9 so v transfers to a neighbouring vertex a charge 
of at most 3/2 - p(x)/2, where d(x) >>. 10. Because 3/2 - p(x)/2 <~ ~o for x satisfying 
11 > 0. Similarly, it is easy to verify that d(x)>~ 10, it follows that/~'(v) ~> 17 - 6 - 8 × 
l a , (v )~d(v)_6_  l~) J  (~  21-d(v )  
2[(27---d(--~/Z)J  >~0 
whenever 18 ~< d (v) ~< 21. 
To estimate the total expenditure of  v for d(v)>~ 22, consider the set of  all segments 
Ri, j = v i . . .  Vj of the cycle Cv =v l . . .  va(~), called receivers, where i<jmodd(v)  and 
neither vi nor vj receives or conducts any charge from v, whereas each Vq does whenever 
i < q < j .  Such a set is not defined only if all vi receive or conduct something from v. 
Then, by Rules 1-3 and property (A), all vi's have degree 4, except possibly one 
vertex of degree 3. But, in fact, v cannot have one neighbour of degree 3 when all 
the rest have degree 4. Thus T is the double n-pyramid, contrary to the properties 
of  T as a counterexample to Theorem 1. The length of a receiver Ri, j is defined as 
j - i modd(v). Clearly, the sum of the lengths of  all receivers equals d(v). 
According to Rules 1-3, a vertex v transfers more than one unit of  charge to a 
vertex z only if d(z)= 3, d(v)>~ 11, d(vi)<, 10, and d(vj)..-> 11. In this case there are 
two possibilities. I f j  = i+2,  then either z = v~+l, or else z is accessible from v through 
a path of 4-vertices beginning with v~+l. I f  j > i  + 2, then the path Vi+l ... vj_~ consists 
of  4-vertices, except for one of the end-vertices Vi+l, vj_l being z of degree 3. Clearly, 
a receiver can have at most one 3-vertex associated with it by (A). A receiver is weak 
if it contains or conducts to such a 3-vertex receiving more than one unit of  charge; 
otherwise the receiver is strong. Thus, we have 
(C) I f  Ri,j is weak, then d(vi)<<, 10 and d(vj)>~ 11 or vice versa. 
Denote by nw and ns the number of  weak and strong receivers, respectively. Each 
strong receiver Ri, j gets ~<j - i - 1 from v in total; each weak gets ~<j - i - ½. In other 
words, as compared to its length j - i ,  each R~ 4 saves 1 if it is strong and ½ otherwise. 
Since the sum of lengths of  all receivers is d(v), v spends at most d(v) -  ½nw- ns in 
1 1 total, and so l l '(v)~d(v) - 6 - d(v) + ~nw + n~ = 5nw + n~ - 6 
Suppose ll'(v) <0. Then 
(D) 1 ~nw + ns ~ !~ 
Now our proof divides. 
Case 1: m3,4=0. Since Ri, j now has length j - i=2  if it is weak and j - i~k  
otherwise, it follows that d(v)<.N2nw + kn~. 
If  k~<4, we actually have d(v)<.N2nw + 4ns. Now (D) implies d(v)~<4 x !~ =22.  
Because d(v)~>22, we have d(v )=22.  Since d(v)=2nw + 4ns=22,  each of the re- 
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ceivers has the maximal possible length, i.e., 2 if it is weak and 4 otherwise. Since 
nw + 2ns = 11, nw is odd. But nw = 11 with ns = 0 contradicts (C). It follows, ns >0 so 
that there is a strong receiver Ri, j = vi444vj having a boundary vertex, say vi, having 
1 1 along degree at least 11. By Rule 2(b), vi conducts i to v through a 4-vertex. This 
with at most d(v) -  !~ spent by v in total, contradicts our assumption #'(v)<0. 
Now suppose k>~5, which implies w>5k + 8 in T. If n4,4=0,  i.e., strong Ri,j's 
actually have length 2, then d(v)42nw + 2ns~<22, a case which has already been 
considered. Thus suppose t74, 4> 0 and hence d(v)> 5k. Clearly (D) implies that ns ~< 5. 
If n,. =5 then (D) also implies nw<<. 1, so nw = 1 because 2nw+kns>5k. If n~4,  then 
(D) implies nw<~ 1, so nw= 1 because nw<.2 implies d(v)<.4k + 2 × 2<5k + 1. As 
above, we have an odd number of weak Ri, j 'S and a strong receiver of length greater 
than 2 that supplies v with 1/2 by Rule 2(b). This contradicts/l'(v)<0 and completes 
the proof of Case 1. 
Case 2: m3,4>0.  Thus, k>l  and hence w>10k + 17. As above, we cannot have 
nw = 11, ns =0 because of (C). Therefore, nw<~ 10, which combined with (D) yields 
nw + ns~<10. Now weak receivers have length ~<k + 1 and strong ones length ~<k, 
which implies d(v)<~(k+ 1)nw+kns<~(k+ 1)(nw +n~)~< 10k+ 10, and w~< 10k+ 10+ 
3 + 4 = 1 Ok ÷ 17. This contradiction completes the proof of Case 2. 
Thus we have proved /l'(v)>~0 for every v E V, which contradicts (1): 
0~< ~ /~'(v)= ~ #(v)=-12  
vEV vEV 
and completes the proof of Theorem 1. 
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